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Abstract 
Finite element method (FEM) relies on an approximate function to fit into a governing 
equation and minimizes the residual error in the integral sense in order to generate solutions 
for the boundary value problems (nodal solutions). Because of this FEM does not show 
simultaneous capacities for accurate displacement and force solutions at node and along an 
element, especially when under the element loads, which is of much ubiquity. If the 
displacement and force solutions are strictly confined to an element’s or member’s ends 
(nodal response), the structural safety along an element (member) is inevitably ignored, 
which can definitely hinder the design of a structure for both serviceability and ultimate limit 
states. Although the continuous element deflection and force solutions can be transformed 
into the discrete nodal solutions by mesh refinement of an element (member), this setback 
can also hinder the effective and efficient structural assessment as well as the whole-domain 
accuracy for structural safety of a structure. To this end, this paper presents an effective, 
robust, applicable and innovative approach to generate accurate nodal and element solutions 
in both fields of displacement and force, in which the salient and unique features embodies its 
versatility in applications for the structures to account for the accurate linear and 
second-order elastic displacement and force solutions along an element continuously as well 
as at its nodes. The significance of this paper is on shifting the nodal responses (robust global 
system analysis) into both nodal and element responses (sophisticated element formulation). 
1. Introduction 
The numerical analysis for analyzing a structure was prevalent from the past half century, 
since the computational technology, such as the finite element method, was generally applied 
worldwide; especially the displacement-based finite element approach, i.e. Mallet and Marcel 
(1968) and Jennings (1968) in 60s. During the 1980’s, a great deal of continuing research for 
this topic (Wood and Zienkiewicz (1977); Meek and Tan (1984); Chajes and Churchill 
(1986); Chan and Kitipornchai (1987)) have been carried on to well develop the conventional 
displacement-based finite element approach. In spite of its robustness, versatility and 
applicability, the conventional displacement-based finite element analysis possesses a 
drawback of element discretisation for a member to yield the accurate nodal solutions. To 
hurdle this drawback, the research of single element per a member to account for the stability 
concern at nodal response have been developed over the last three decades (Al-Bermani and 
Kitipornchai (1990); Chan and Zhou (1994 & 1995); Izzuddin (1996); Iu and Bradford 
(2010)). However, the adequate and reliable structural safety within an element always easily 
omits by the researchers, by which the lumping and consistent load methods alone are unable 
to produce accurate linear and second-order elastic solutions due to element load effect 
within an element itself. Therefore, this paper presents a qualified element for all these 
purposes, which is capable and applicable to model the effect for general element load cases 
and its associated linear and second-order elastic effects, is advocated. It transforms the 
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traditional discretized nodal solution into continuous element solution in terms of both 
deflections and forces. As a natural result, apart from reducing the number of element for 
practical use, the present method can ensure the adequate and reliable structural safety for the 
whole domain of an element. This method is expedient between simplicity in the formulation, 
since the expression for the element stiffness matrix is more concise for the simpler 
fundamental load cases, and accuracy in describing the element load effect for both nodal 
(robust system analysis) and element responses (sophisticated element formulation). 
2. Displacement Function of Higher-order Element 
External lateral loads acting on an element are able to generate the nonlinear elastic 
deflections, and thereby the additional deflection component due to transverse element load 
effect is taken into account of the displacement interpolation function of finite element. This 
kind of element load can result in the distribution of bending moment and shear force along 
an element, in which equivalent mid-span moment M0 and shear force S0, in Eqs (4) and (5) 
respectively, is introduced without loss of generality. Therefore, the higher-order transverse 
displacement interpolation function of an element not only fulfills the essential boundary 
condition (compatibility condition) in Eqs. (2) & (3), but also natural boundary condition 
(force equilibrium equation) in Eqs. (7) & (8). Further, the elastic material law follows in the 
higher-order element function. 
               (1) 
in which ci is unknown coefficient solved from boundary conditions given from Eqs. (2) to 
(8); p is polynomial of order up to 5 in this sense. In the transverse deflection v in the y 
direction, 
v = 0 and       at ζ = 0            (2) 
v = 0 and    at ζ = 1,                     (3) 
while the equilibrium equation of bending and shear force given by 
         (4) 
          (5) 
where      .               (6) 
        at ζ = ½         (7) 
  at ζ = ½        (8) 
and leads to the deformation 
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or         (10) 
in which        .             (11) 
The transverse deflection w in the z direction is in a similar fashion. N1, N2, Nm and Ns are 
displacement functions with respect to rotations at first and second node, and element load 
contributed from moment and shear force components, respectively; the equivalent mid-span 
moment    and shear force   under the different sorts of element load are given in 
Appendix I; q is axial load parameter. 
It is worthwhile pointing out that the displacement functions Nm and Ns in Eq. (10) are 
identical under different load cases, which heralds that the deflection distribution along an 
element are same for the load cases. The different element load effects are merely 
incorporated by different magnitudes of    and   as displayed in Appendix I, which does 
not depend on independent variables x, but being dependent of value of element load as well 
as load application with respect to mid-span location. This peculiar feature leads to a benign 
outcome of significance in the validity of applying the principle of superposition. In other 
words, the element deflection behaviour under any general element load case can therefore be 
customized from the summation of individual element load scenario listed in Appendix I. On 
the other hand, the effect of loading distribution is unfortunately neglected in this innovative 
and expedient approach. 
To capture the linear and second-order behaviour of an element, the element response of 
deflection is given by Eq. (9), whereas the force distribution along an element can be 
obtained through the differentiating the transverse displacement twice and thrice, respectively, 
such as bending moment           (capture up to cubic bending moment distribution) and 
shear force          (capture up to quadratic shear force distribution), which validates if 
and only if the assumption of small strains across the element section is held. 
For the conventional finite element approach (hierarchic displacement element) to allow for 
the element load effect along an element, it is well known that under a continuous element 
load action of polynomial order p, an element will deflect into a shape governed by a 
polynomial order p+4. For example, the 5th-order continuous element displacement function 
can merely model the linear element load distribution along an element. Therefore, other than 
the validity of applying the superposition principle as aforementioned, another benign feature 
of neglecting the exact element load distribution instead of the mid-span loading magnitude 
0
2
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0M 0S(   &  ) is adaptive to model any arbitrary element load type, even discontinuous element 
load distribution, as given in Appendix I. It is reminded that the continuous internal bending 
moment and shear distribution can be obtained because of the restriction of differentiation. 
3. Verifications 
3.1 First-order Element Response (Displacements & Forces) 
The present higher-order element shape function with element load effect can generate the 
exact along-span first-order displacement and force solutions of both simply supported and 
fixed end elements compared with the closed-form analytical solutions, when subjected to 
continuous distributed load as shown in Figure 1. For example, the Eq. (9) can reduce to the 
analytical deflection and bending moment distribution by substituting the corresponding 
mid-span loading magnitude according to Appendix I. 
 
 
 
 
 
 
Figure 1: Exact displacement and force solutions under continuous distributed load 
3.2 Second-order Element Response (Displacements & Forces) 
This study exemplifies that the present higher-order element formulation with the element 
load effect can capture the second-order coupling effect between the transverse element load 
and axial compressive loads, and can therefore produce the accurate second-order 
displacement and force solutions along an element even under a plethora of element loading 
scenarios, which is compared with the stability functions (Chen and Liu (1987)). 
 
 
 
 
 
 
 
 
 
 
 
Figure 2. Load-deflection curve and its distribution of various ended element 
In this study, the load-deflection curve at mid-span of an element as well as the along span 
solutions of deflections and bending moment distribution at specific load level (second-order 
a) Element responses of an element under uniform load
w
b) Element responses of an element under triangular load
w
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regime) of the simply supported beam subjected to element loads and compression are 
investigated as depicted in Figure 2. The present approach can reach a good agreement with 
the stability functions in terms of the displacement and force solutions in the realm of linear 
and second-order range as well as whole domain of an element. It is interesting to note that 
when an element subjected to point load, the present method can no longer reach a very close 
agreement because of continuity condition. However, the discrete load distribution can be 
still achieved with recourse to the force equilibrium along an element. It is remarked that the 
essence of this paper is placed on demonstrating the capability of the present method which 
can yield both first- and second-order displacement and force solution along an element well. 
4. Discussions and Remarks 
This paper presents a profound impact to open a door for evaluating both nodal and element 
response using an element itself in lieu of nodal response by the finite element method (they 
are always founded on approximate interpolation element function with respect to the 
degree-of-freedom without considering element load effect), when loadings acting on an 
element are of ubiquity, provided that all fundamental conditions of physical law, which 
govern the behaviour of a structure in the correct manner, are all satisfied at both global 
system and element level. If not, the second-order element load effect cannot be really 
accounted within an element and no adequate and reliable structural safety for a whole 
member can be ensured, when using an element per member.  
Another significant impact of imposing the superposition principle is to generalize and unify 
the myriad element load scenarios inherent in the stiffness formulation, e.g. Eqs. (18) to (22), 
by simply and succinctly customized from individual load case in the advent of nonlinear 
solution procedures. In principle, this approach trades off the distribution of element load 
effect for the generality in element stiffness with a diverse kind of element load cases, in 
which the distribution of element load is converted into a single magnitude of element load at 
mid-span. It leads to the same element stiffness but with various magnitudes of element load 
effects (equivalent moment and shear force components) in accordance with the 
corresponding element loading scenario. 
The present approach extends the accurate solutions to both (discrete) nodal and (continuous) 
element responses in both displacement and force fields, when the element is subjected to 
element loads. Therefore, implication of the present element load method is to provide true 
value of the element response for improving the reliability of the advanced analysis in design. 
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i. A point load case;  
 
 
 
 
ii. Uniform load case over a region; 
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